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Abstract
Higher order renormalization in 4D quantum gravity is carried out using dimensional
regularization with great care concerning the conformal-mode dependence. In this regular-
ization, resummation can be automatically performed without making any assumption,
like done by David-Distler-Kawai. In this paper we consider a model of 4D quantum
gravity coupled to QED. The renormalizability is directly checked up to O(e6r) and O(t2r),
where er and tr are running coupling constants of QED and the traceless gravitational
mode. There is no other running coupling constant in our model. The conformal mode is
treated exactly, which means unrenormalized. Hathrell’s results are correctly included in
our computations. As a by-product, it is found that a higher order gravitational correc-
tion to the beta function of QED is negative. An advantage of our model is that at the
very high-energy region it has a close resemblance to exactly solvable 2D quantum grav-
ity. Thus, we can argue physical states of 4D quantum gravity at this region in parallel
with those of 2D quantum gravity, which may be described by diffeomorphism invariant
composite fields.
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1 Introduction and Summary
Einstein’s general relativity has been extremely well tested, and it has been believed that
the graviton exists classically and should be quantized [1, 2, 3]. However, the existence of a
graviton at the quantum level has not yet been guaranteed. It is well-known that Einstein’s
theory is unrenormalizable, and that the action is unbounded below. To begin with, it is
doubtful whether the usual graviton picture can be preserved over the Planck mass scale,
where the ordinary particle picture seems to gravitationally collapse.
To resolve the problem of renormalizability, a four-derivative gravity [4]{[18] has been inves-
tigated, because the gravitational coupling constant becomes dimensionless and we can avoid
the unboundedness problem of the gravity action. Furthermore, in a four-derivative gravity,
infrared (IR) eects as well as ultraviolet (UV) eects cannot be neglected. This matches with
the concept of the background-metric independence, because it means a loss of physical dis-
tance. Thus, a four-derivative gravity is rather prefered as a background-metric independent
quantum theory of gravity [13]{[18].
However, many problems remain to be solved in the previous four-derivative gravity models.
One is renormalizability. Although the models become renormalizable in the sense of power-
counting [5]{[9], this does not mean real renormalizability. In fact, it was pointed out that
the inconsistency will appear at higher orders [11, 12]. The second is that the R2 action
introduced to make an action bounded below behaves asymptotically non-free [9]. The third is
unitarity [8, 9, 10]. There is an idea on unitarity by Tomboulis [8] based on the argument by
Lee and Wick [19]. In short, gravitational quantum corrections move a ghost pole to a pair of
complex poles on the physical sheet. In relativistic theory, it is known that a vertex decaying
from real-pole states to such complex-pole states has measure-zero contributions. Thus, there
is no vertex decaying to ghosts in 4D quantum gravity. The proof of unitarity seems, however,
not to be rigorous. To begin with, we do not understand what is a physical state in 4D
quantum gravity. The strong IR behavior seems to make physical states change. Ghosts might
be concealed by the physical state condition reflecting the background-metric independence.
In this paper we discuss these issues, especially the problems of renormalizability and physical
states.
Recently, through studies of 2D quantum gravity [20]{[26], it has been understood that
all of these problems originate because the formulation does not correctly preserve dieomor-
phism invariance. In this paper, we show that dimensional regularization [2] with great care
concerning the conformal-mode dependence [26, 27, 28, 29] is a good regularization to preserve
dieomorphism invariance manifestly and that the resummation program explained in the next
section can be automatically carried out without making any assumption, like the procedure
by David, Distler, and Kawai (DDK) [22].
Near two dimensions, the D-dimensional action is almost unique, which is given by the
scalar curvature, R. However, near four dimensions, D-dimensional gravitational actions are
no longer unique. To determine them, we need extra conditions other than dieomorphism
invariance. Our proposal is that there are D-dimensional actions, FD and GD, which become,
respectively, relevant and marginal at the quantum level, and by using these actions we can
















i  jD= j −m2R+ 
}
:
The explicit forms of FD and GD are presented in Section 3. The FD term is naturally given
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by the square of the D-dimensional Weyl tensor, while the marginal term, GD, which is a
combination reduced to the Euler density at D = 4, is rather non-trivial. To determine the
form of GD, we pay attention to a resemblance between the 2D quantum gravity action, R,
near two dimensions and GD near four dimensions. Furthermore, considering the integrability
condition [31] for conformal anomalies [32]{[36] near four dimensions, we determine it.
All bare coupling constants and elds, except for the bare constant, b, and the conformal
mode, are renormalized in the usual way by introducing a renormalization factor, while the
conformal mode, which is treated exactly, does not receive renormalization [17] and b, which
is composed of purely pole terms, is managed in a slightly dierent way. This model has two
coupling constants: QED interaction, e, and the self-interaction of the traceless gravitational
mode, t. The running coupling constants are only their renormalized ones, er and tr. The bare
constant, b, is not a new coupling constant, which is expanded by the coupling constants, t and
e, and the eective action associate to the bGD term has a scale-invariant form [11]. These are
discussed in Sections 4 and 5. The renormalizability is directly checked up to O(e6r) and O(t
2
r)
in Section 6. Hathrell’s results [28] are correctly included in our computations.


















Thus, the theory is asymptotically free for tr. For the renormalized coupling constant, er, we




















where the term proportional to 1=bc is a gravitational correction and bc = 11nF=360 + 40=9.
Note that the O(e5r) term turns to negative for nF  24. The results on t and e seem to
suggest that all terms in the beta functions related to gravity are negative. Hence, provided




r) in e are negative, we can make er as well as tr small
enough asymptotically at the very high-energy region when the running is started from near
the Planck mass scale where both coupling constants, especially tr, may be large.
An advantage of this model is that we can exactly prove the background-metric indepen-
dence for the conformal mode at the vanishing limit of all running coupling constants [14, 16].
Such a limit may be realized at the very high-energy region. This free eld model has a complete
analogy to 2D quantum gravity. As is well known, 2D quantum gravity is exactly solved [21, 22]
and its physical states are completely classied using operator formalism [25]. In four dimen-
sions it does not work well to construct an operator formalism in which composite elds can
be managed. In dimensional regularization, however, we can see a close relation between them,
and hence can argue physical states of 4D quantum gravity in parallel with those of 2D quantum
gravity as discussed in Section 7. The last section is devoted to conclusions and a discussion.
2 Resummation in Quantum Gravity
In this section we summarize the idea of resummation in 4D quantum gravity. In general,
the idea can apply to any even-dimensional quantum gravity.
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We rst give a general argument on resummation in exactly four dimensions. Dieomor-













where (g−1dg)µν = g
µλdgλν.
To formulate a well-dened quantum theory of gravity, we must introduce a non-dynamical
background-metric, g^, and use the measure dened on the background-metric, which is ob-
tained by replacing
p
g in (2.2) with
p
g^. However, this replacement violates dieomorphism
invariance. The measures dened on g^ are no longer invariant under a general coordinate





exp(−S − I): (2.3)
This is the idea of DDK [22], which was rst developed in two dimensions [23, 24, 25] and then
generalized to four dimensions [13]{[18]. The action, S, is a quantum quantity that can be
considered as being a contribution induced from the measures. When we quantize gravity, we
must quantize this local action again as a tree action and develop a perturbation theory. We
here call this procedure resummation in quantum gravity.
Resummation does work well in two dimensions, where the traceless mode is non-dynamical,
so that 2D quantum gravity can be described as a free theory. The idea of DDK can put into
practice by a procedure in which, after assuming the form of local action, its overall coe-
cient is determied from the condition that the theory becomes background-metric independent.
However, in four dimensions, the traceless mode becomes dynamical and there is no method to
treat it, except for perturbation. The DDK method now becomes unclear at the higher order
of the perturbation. Thus, we need a more rigorous method to perform resummation without
making any assumption, like the DDK method.
The following important observation is believed: when we use dimensinal regularization, the
results are independent of how to choose the measure, because in this regularization D(0) =∫
dDp = 0. Here, there is a question: Where has the local action, S, gone? In this paper
we show that information about S is completely included between D and 4 dimensions. Thus,
dimensional regularization with great care concerning the conformal mode dependence may be a
manifestly dieomorphism invariant regularization. This idea was rst applied to 2D quantum
gravity by Kawai, Kitazawa, and Ninomiya [26], and by Hathrell [27, 28] to eld theories in
curved spacetime.
3 Dimensional Regularization in 4D Quantum Gravity
There is a problem when we apply dimensional regularization to 4D quantum gravity. In
exactly four dimensions, we usually use the following combinations of the curvatures:
F4 = RµνλσR




µνλσ − 4RµνRµν +R2; (3.2)
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and R2, where F4 and G4 are the square of the Weyl tensor and the Euler density in four
dimensions, respectively. In D dimensions, however, we can generally consider arbitrary com-
binations of R2, RµνR
µν , and RµνλσR
µνλσ, which reduce to F4 and G4 at D = 4. Here, we
describe such combinations as FD and GD, respectively.
The proposal of this paper is that gravitational actions FD and GD are almost uniquely
determined such that actions FD, GD, and R
2 become, respectively, relevant, marginal (, or
scale invariant), and irrelevant at the quantum level, and a renormalizable quantum gravity can
be constructed using only two actions, FD and GD, apart from lower derivative gravitational
actions.
In this paper we consider a coupled system of gravity and QED. In the following, we rst
discuss the QED sector and then determine FD by noticing a resemblance to the gauge eld
action. The GD action is determined by noticing an analogy to the action of 2D quantum
gravity near two dimensions and also using the integrability condition for conformal anomalies
near four dimensions.
3.1 QED sector and FD
We rst discuss the QED sector in D dimensions. Although the gauge eld action is con-














g^ e(D−4)φ gµλgνσFµνFλσ: (3.3)
Here, Fµν = rµAν −rνAµ = @µAν − @µAν and the metric is now decomposed as
gµν = e2φgµν (3.4)
and







(h2)λν +   
)
; (3.5)
where hµν = g^µλh
λ
ν and tr(h) = 0. The gravitational coupling constant, t, is introduced only
for the traceless mode.
Because the fermion part is conformally invariant at D dimensions, we can remove the
conformal-mode dependence by properly rescaling the fermion elds. Hence, there is no direct
coupling between the fermions and the conformal mode.
Next, consider the FD action, which gives the kinetic term of the traceless mode. This
action is quite analogous to the gauge eld action. Thus, the most natural choice of FD is given








(D − 1)(D − 2)R
2: (3.6)












g^ e(D−4)φ FD; (3.7)
where the action is divided by t2 to make the kinetic term of the traceless mode independent
of t.
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3.2 Determination of GD
We point out that GD is an action which reduces to the Euler density at D = 4. Hence,
there is a resemblance between GD near four dimensions and the scalar curvature, R, near two
dimensions. In order to determine GD, we pay attention to this resemblance.
The scalar curvature in D dimensions, which is a unique candidate for the action of 2D















g^ n( 2+ R) +O(
n); (3.9)
where 2 = −2 = −rλrλ. Note that the action, S(2)1 , is the well-known Liouville action, or
local part of the non-local Polyakov action [20]. The action for n > 1 is a generalized form of
the Liouville action. Its non-local form is discussed in Section 5.
In analogy to 2D quantum gravity, we look for a four-derivative dieomorphism invariant















g^ n(2 4+ E4) +O(
n); (3.11)
where the operator 4 and E4 are dened by [11]
4 = 2







E4 = G4 − 2
3
2R: (3.13)
In exactly four dimension,
p
g4 becomes a conformally invariant operator for a scalar eld and









g^(2 2 + R) at D = 2. Thus, the relation between R at D = 2 and
E4 at D = 4 is apparent.
The top term of the action, S
(4)
1 , is the local part of the Riegert action [11], which is a
four-dimensional version of the Polyalov action. The non-local action for n > 1 corresponds to
a generalization of the Riegert action, which is also discussed in Section 5.
To determine GD explicitly, we here apply the argument of the integrability condition for
conformal anomalies by Bonora, Cotta-Ramusino, and Reina [31]. Consider a general form of














Because the proper combinations of the r.h.s. are just candidates for counterterm actions,
or bare actions, we wish to reduce the number of coecients. To this end, we impose the
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integrability condition, [ω1 ; ω2]Γ = 0, in D dimensions, which gives a relation among the
coecients (see appendix A),
41 +D2 + 4(D − 1)3 + (D − 4)4 = 0: (3.15)
Dierently from the case of D = 4, we can no longer take 4, itself, to be arbitrary in D
dimensions, while 5 remains to be arbitrary. We can see that the combinations, FD and
G4, satisfy equation (3.15). As another independent combination, we here introduce a D-
dimensional extension of what is called the trivial conformal anomaly,
MD = 2R − D − 4
4(D − 1)R
2; (3.16)
though it is no longer trivial in D dimensions. This combination is just produced by the




gR2 = −4(D − 1) ∫ dDxpg!MD.
We here add the condition required from an analogy to 2D quantum gravity. Namely, we








g(G4 −  D−44(D−1)R2)
satises the property of series (3.10). This condition determines  uniquely as  = − 4(D−3)2
(D−1)(D−2) .
The details are presented in appendix B. Hence, we obtain
ED = GD − 4(D − 3)
2
(D − 1)(D − 2)2R; (3.17)
where
GD = G4 +
(D − 3)2(D − 4)
(D − 1)2(D − 2)R
2: (3.18)
The combination, ED, is a D-dimensional generalization of E4 (3.13) and GD is what we wish.
As in the cases of FD, G4, and FµνF
µν , the conformal variation of the spacetime integral of ED










Thus, from the argument of the integrability condition and the resemblances to gauge theory
and 2D quantum gravity, the most natural set of conformal anomalies near four dimensions
may be fFD; ED;MD; FµνF µνg. These combinations as well as conformally invariant matter
actions are candidates for bare actions of 4D quantum gravity near four dimensions.
Expanding the spacetime integral of
p





























Now, the O() term in S
(4)




We close this section after commenting that the actions derived above are almost unique.
There is an ambiguity to change the O(n) terms in S(2)n and S
(4)
n , such as R! R+ (D− 2)R
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near two dimensions and GD ! GD + (D− 4)GD + \(D− 4)3MD near four dimensions, where
 and \ are arbitrary constants. However, as discussed in Section 7, the O(n) terms would not
aect the physical quantities, such as the beta functions and anomalous dimensions. Hence, in
this sense, they would be almost unique. An ambiguity proportional to FD can be absorbed in
the FD term.
4 Renormalization
















i  jD= j −m2R+ 
}
: (4.1)
The Dirac operator in general manifolds is dened by D= = eµαγαDµ, where e
α
µ is the vierbein
eld satisfying the relations e αµ eνα = gµν and eµαe
µ
β = αβ , and the Dirac gamma-matrices on
the flat manifold are normalized as fγα; γβg = −2αβ . The covariant derivative for fermions is




αβ + ieAµ, where the connection 1-form and the Lorentz generator
are dened by !µαβ = e
ν
α(@µeνβ − Γλµνeλβ) and αβ = −14 [γα; γβ].
The renormalization is carried out in the usual way, apart from the GD term, by replacing
the bare quantities in I with the renormalized ones multiplied by the renormalization factors.














The coupling constants of QED and the traceless mode are renormalized as
e = Zeer; t = Zttr: (4.3)
As discussed later, the Ward-Takahashi identity is preserved even when QED couples with
quantum gravity, such that Ze = Z
−1/2
3 . The important property of this model is that the
renomalization factor for the conformal mode is unity,
Zφ = 1: (4.4)
The running coupling constants of this model are only er and tr. The inverse of the gravitational
constant, m2, and the cosmological constant, , are also renormalized. The renormalization
for the GD term is discussed in Subsection 4.2.




gR2, where  > 0.
In this case,  is also renormalized, but equation (4.4) may be preserved. In other words,
our assertion is that the model can be renormalizable at  = 0 provided matter elds are
conformally invariant.
As discussed in the previous section, the action in D dimensions has a non-trivial conformal-
mode dependence apart from the fermion sector. As mentioned below, the renormalization
program is carried out by considering that, in the Laurent expansion of the bare action, the
terms with a non-negative power of D−4 are propagators and vertices and thoes with a negative
power of D − 4 are counterterms.
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4.1 New vertices in the QED sector and FD
The renormalization factor is given by the Laurent series of poles whose residues are func-
tions of er and tr. For a while, Z3 is taken as
Z3 = 1 +
x1
D − 4 +
x2
(D − 4)2 +    : (4.5)
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x2







D − 4 + x1 + x2
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}
;
where we take g^µν = µν and the same lower spacetime indices in the r.h.s. denotes taking a
contraction by µν . In the above expression, we omit the interaction terms between the gauge
eld and the traceless mode, which can be easily derived from the denition.
Similarly, the action of the traceless mode,
p
gFD, can be expanded by the renormalized
quantities using expression (3.7) and the renormalization factors, Zt and Zh. Although the
expression becomes more complicated, the expansion is straightforward. We do not write it
down here explicitly.
Fermion elds are conformally invariant in D dimensions. As mentioned before, we can
remove the conformal-mode dependence from the fermion action by replacing the fermion eld,
 , with the rescaled one,  0 = e
(D−1)
2








g^i  0 D= 0. Since, in
dimensional regularization, the result is independent of whether  or  0 is chosen, we quantize
 0. In the following, we describe  0 as  .
The bare fermion action is expanded by the coupling, t, in the flat background, as follows:∫





i  γµ@µ − i t
4




(  γµ@ν − @ν  γµ )hµλhνλ + i t
2
16
 γµνλ hµσ@λhνσ (4.7)
−e  γµ Aµ + et
2









(γµγνγλ +anti-sym.). Replacing the bare quantities with the renormalized ones,
we obtain vertices and counterterms, as usual.
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4.2 Kinetic term of the conformal mode and new vertices in bGD





(D − 4)n : (4.8)
Here, we take b0 = 0, because the tree part, b0
p
gGD, does not have a kinetic term of gravita-
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b2



















(D − 4)b1 + b2 +   
)(
22 4+ E4
2 +   
)
+   
}
:
We must make some remarks concerning this counterterm. The rst is that the kinetic
term of the conformal mode is induced by quantum eects, of which the overall coecient is
given by the residue of the simple pole, b1. The residue of the double pole, b2, producces a
local counterterm for the kinetic term of the conformal mode. However, this never means the
non-unity of Zφ. The second is that, even if we take b0 6= 0, which corresponds to doing a shift
GD ! GD +(D−4)GD, discussed at the end of Subsection 3.2, the physical quantities are not
aected by its value, as discussed in Section 7. The third is that b is a bare quantity, though
we expand it by the renormalized coupling constants.
5 Higher Order Effective Action
In this section, we give brief comments on the renormalized higher order eective action.
We showed that the Laurent expansions of the bare actions using the renormalized quantities
produce new local vertices. The overall coecients of these vertices are related to the UV
divergences of higher order diagrams. The higher order diagrams also produce nite non-local
terms. Thus, the renormalized eective action of quantum gravity, Γ, is given by the sum of
the local renormalized vertices in I, described by Ir, and the non-local actions produced by the
loop diagrams, W , such that Γ = Ir +W [18].
For the gauge sector, the new vertex, nF rµνF
r
µν , is related to the non-local term, Arp
2(log p2=2)nAr,
in momentum space, where the spacetime indices are omitted. The sum of these terms gives
the dieomorphism invariant eective action. Similarly, the new vertex, n F rD, is related to the
non-local term, hr p
4(log p2=2)nhr, in momentum space.
Next, consider the eective action related to the counterterm of the Euler density. In two



















Rr) + non-local terms: (5.1)
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The n = 1 action is the well-known non-local Polyakov action [20]. The important property
of this action is that it is scale-invariant. The action for n > 1 is a natural scale-invariant
generalization of the Polyakov action. Here, note that the rst term of the r.h.s. is just the top
term in the new vertices, S(2)n . On the other hand, the non-local terms may be obtained from
higher order diagrams. The O(n) term in S(2)n is necessary to make the theory dieomorphism
invariant, but it would not aect the form of the eective action directly.
Now, let us discuss the case of 4D quantum gravity. A four-dimensional version of the
Polyakov action was constructed by Riegert [11]. A natural scale-invariant generalization of




















Er4) + non-local terms: (5.2)
The rst term of the r.h.s. is just the top term in the new vertices, S(4)n . This is one of the
reason why we consider GD satisfying equation (3.10) with (3.11). The non-local terms may
be derived from higher order loop diagrams. This is also discussed in Subsection 6.1 using a
concrete expression.
6 Direct Check of Renormalizability
In this section, we directly check the renormalizability of the model proposed in the previous
section up to O(e6r) and O(t
2
r).
The procedure of gauge-xing for the traceless mode is presented in appendix C. Here, we
take the Feynman-type gauge. Then, the propagator of the traceless mode, which is described






where IH is the projection operator to the traceless mode (C.9).





















The value of bc is determined by computing one-loop diagrams.
In this paper we only consider UV divergences, and do not take care on the IR divergences.
Essentially, there is no problem of IR divergences because of the presence of the Einstein-
Hilbert action and the cosmological constant, which play an role of dieomorphism invariant
IR regulators. Technically, we evaluate diagrams by replacing the fourth-order propagator 1=p4
with 1=(p2 + z2)2, where z is a small mass scale.
In the following we take D = 4−2. For later use we introduce the dimensionless quantities
described by symboles with tilde such as ~t = t−, ~e = e−, ~b = b2 and so on, where  is
an arbitrary mass scale. Here, we set the dimension of the conformal mode to zero, while the
traceless mode is of dimension −.
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6.1 Two- and three-point functions of the traceless mode
We rst review the known results on the two- and three-point functions of the traceless






Fig. 1. Two- and three-point functions of the traceless mode.





















The O(t2r) term is the sum of one-loop contributions from the QED sector and the gravitational
sector. The contributions from the one-loop diagrams with the internal photon, fermion, and
conformal mode can be calculated from the two-point functions of the traceless mode (Fig.
1-(a)), because Zh for these diagrams is gauge invariant such that the relation Zt = Z
−1/2
h is
satised. They give the contributions, −nF =80 − 1=40 [34] for the QED sector and 1=60 [14]
for the conformal mode. On the other hand, the contribution to Zh from the internal traceless
mode is, in general, gauge dependent such that Zt 6= Z−1/2h . To calculate the contributions from
the traceless mode, the background eld method [38] is useful. Introducing the background
traceless mode as g^µν = (ethˆ)µν and calculating the two-point functions replaced the external
h elds with h^, we obtain −199=120 [9] for Zt due to the relation Zt = Z−1/2hˆ , where Zhˆ is the




r) term is the sum of two-loop
contributions from diagrams that only photons and fermions propagate in the internal lines [37].


















Thus, this model is asymptotically free for tr [9, 8].
The residue of the counterterm of
p
g^ GD can be calculated from the three-point functions



















The coupling-independent term in ~b1 is the sum of the contributions from the QED sector,
(11nF +62)=360 [34], the conformal mode, −7=90 [14], and the traceless mode, 87=20 [9]. From





















We comment here on the dieomorphism-invariant eective action. As discussed in Section
5, it is given by the sum of the local action, Ir, and the nite contribution from loop diagrams,
W , which contain both local and non-local terms. The one-loop contribution related to the
counterterm of
p




















This scale-invariant action can be obtained from corrections to the three-point function of the
traceless mode. The R2r term is needed to guarantee that WG does not have any contributions
from two-point diagrams of the traceless mode in the flat background. We can show, in the
sum of the action, b1S
(4)
1 , in Ir and WG, that the non-invariant R
2
r terms do cancel out and the















This is the Riegert action, or n = 1 in (5.2). Thus, only the top term in S
(4)
1 determines the
form of the eective action, as mentioned in Section 5.
6.2 Two-point functions of the conformal mode
Because the property of the traceless mode is quite analogous to that of gauge elds, the
renormalization procedure for this mode may be performed straightfowardly. On the other
hand, diagrams related to the conformal mode are unusual. We show these diagrams in this
and following subsections.
The double-pole term of b appears at O(t4r) and O(e
6
r). This means that there is no coun-
terterm for two-point functions of the conformal mode up to O(t2r) and O(e
4
r). This can be seen
by direct computations. We rst show the niteness of the O(t2r) correction, which is given by
the sum of diagrams (a) and (b) in Fig. 2. The vertices in these diagrams are obtained from the
action b1S
(4)
1 (; g), which are summarized in appendix D. We can see that the UV divergences





Fig. 2. O(t2r) diagrams to −.
The O(e2r) correction is trivially nite. The O(e
4
r) correction is given by the sum of diagrams
(a) to (g) in Fig. 3. Here, the wavy line and the dashed arrow line denote the photon and
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fermion, respectively. The subdiagram in (e), described by a circle with 2 inside itself, denotes
the sum of the two-loop diagrams for the ordinary photon self-energy. We do not here depict
counterterm diagrams to subtract the divergences of the subdiagrams. In the following, such
counterterm diagrams for subdivergences are always omitted, and we only depict simple-pole
counterterm diagrams for direct subtraction, whose residues are related to the residues of double
poles in b and Z3.
From counting the number of loops and ’s at the vertices, we can easily see that diagrams
(a) to (d) in Fig. 3 yield simple poles. On the other hand, although diagrams (e) to (g) in Fig.
3 pottentially have simple-pole divegences, these become nite because of the renormalization
properties of QED that the sum of the two-loop diagrams for the photon self-energy has at
most a simple pole and the four-point function of photon is nite. Thus, we merely compute






















Fig. 3. O(e4r) diagrams to −
Furthermore, using Hathrell’s results [28], we can show the niteness of the O(e6r) two-point
functions of the conformal mode (Fig. 4). For the O(e6r) diagrams (Fig. 4-(a)) not depicted
explicitly, we can see that the sum of the double poles vanishes, itself. The sum of the simple
poles does cancel with the direct counterterm of O(e6r) (Fig. 4-(b)) which comes from the
double-pole term of b, because Hathrell showed that the divergences always appear in a special
combination, b2 = 2c1 at O(e
6
r), if we use a set of counterterms, bG4 and cH
2, where H = R
D−1




Fig. 4. O(e6r) diagrams to −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The most important observation by Hathrell is that this combination is universal indepen-
dent of matter elds. Actually, it was checked that this combination is satised in conformally
interacting scalar eld theory by himself [27] and also in non-Abelian gauge theory by Free-
man [29]. Our proposal is, in other words, that this special combination is also preserved for
quantized qravity. The unity of Zφ at O(t
2
r) computed using the vertices in b1S
(4)
1 is exactly a
consequence of the combination, GD. Thus, we see that GD is a universal combination in 4D
quantum gravity.
Now, there is no inconsistency between Hathrell’s results and the renormalizablity of 4D
quantum gravity. Although his results have often been cited as evidence for the unrenormaliz-
ability of 4D quantum gravity, because it has been believed that R2 divergences should always
vanish in order that an eective action exists [11, 12], this observation is no longer correct when
we use dimensional regularization.
6.3 On Z1 = Z2
In this subsection, we show that new gravitational interactions do not violate the Ward-
Takahashi identity, Z1 = Z2.
The O(t2r) corrections to Z2 by gravitational elds are given by two diagrams, (a) and (b)
in Fig. 5, in which the traceless mode propagates in the internal line. Since fermion elds do
not couple with the conformal mode directly, there is no diagram in which the conformal mode
propagates in the internal line at the one-loop level. Hence, the sum of the two diagrams in
Fig. 5 yields












Fig. 5. O(t2r) corrections to Z2.
On the other hand, the O(t2r) corrections to Z1 are given by the seven diagrams, (a) to (g) in
Fig. 6. Nevertheless, we can show that the Ward-Takahashi identity is maintained even when
























Fig. 6. O(t2r) corrections to Z1.
The Ward-Takahashi identity is described by an equation in which the QED vertex function,
µ, is equivalent to a derivative of the fermion self-energy, , with respect to the external
fermion momentum. Now, the vertex of the type hn−  − has a derivative on fermion elds,
so that we must take care on the momentum dependence at the vertex. Let us rst consider
diagram (a) in Fig. 5. The fermion self-energy function from this diagram in the momentum







(IH)µν,λσ(k + 2p)ν(k + 2p)σ; (6.12)
where p is the external fermion momentum and k is the internal traceless-mode momentum.
The momentum-dependence, k + 2p, comes from the vertex of the type h−  − . Thus, a
derivative of  with respect to p acts on not only the fermion propagator, but also on the
momentum factor at the vertices, and hence
@
@pρ















(IH)µν,λσf2νρ(k + 2p)σ + 2σρ(k + 2p)νg: (6.13)
The rst term on the r.h.s. just corresponds to the vertex function, (a)ρ , from diagram (a)
in Fig. 6 when evaluated at zero momentum for the external photon. The second is the sum
of (b)ρ and 
(c)
ρ from diagrams (b) and (c) in Fig. 6, respectively. Thus, the sum of vertex
functions from (a) to (c) in Fig. 6 is equivalent to a derivative of (a) with respect to p. Hence,
we can show that Z2 from diagram (a) in Fig. 5 is equivalent to the sum of Z1 from diagrams
(a) to (c) in Fig. 6.
We can easily show that Z2 from diagram (b) in Fig. 5 is equivalent to Z1 from diagram (d)
in Fig. 6. In general, the Ward-Takahashi identity is maintained for all QED vertex functions
obtained by attaching an external photon in all possible ways to an fermion line carring the
external charge flow such as diagrams (a) to (d) in Fig. 6. This is because that the vertex,
 γµ Aν(h
n)µν , is given through the minimal substitution, pν ! pν − eAν , from the vertex,
 γµpν (h
n)µν , apart from the vertices of the type h
n−  − with a derivative on the traceless
mode which is safe from dierentiation with respect to the external fermion momentum.
For diagrams (e) to (g) in Fig. 6, there is no associated fermion self-energy diagram.
However, such diagrams do not have divergences, because a vertex of the type h−A−A has
derivatives on the photon elds so that these diagrams vanish when evaluated at zero momentum
for the external photon. Thus, we can show Z1 = Z2 at O(t
2
r). In general, QED vertex diagrams
with an external photon which stems from the gravitational vertices of the types hn−A−A and
n−A−A vanish when evaluated at zero momentum.
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To see that Z1 = Z2 is preserved at higher orders, we need to show that all QED vertex
diagrams obtained by attaching an external photon to internal fermion loops vanish when
evaluated at zero momentum for the external photon. To show this we need to generalize
Furry’s theorem to the case including the gravitational elds. It is that all diagrams containing
a fermion loop with an odd number of photons and arbitrary number of traceless modes vanish,
because the photon eld changes sign under charge conjugation, but the traceless mode does
not change sign. Thus, QED vertex diagrams including a fermion loop with an odd number of
photons such as, for example, diagram (a) in Fig. 7, may vanish.
There are diagrams which are not forbidden by the generalized Furry’s theorem, such as
diagram (b) in Fig. 7. However, such diagrams may vanish due to a gauge invariance when
evaluated at zero momentum for the external photon. Thus, the identity Z1 = Z2 may be
preserved at higher orders.
(a) (b)
Fig. 7. Examples of QED vertex diagrams obtained by attaching an external photon to an
internal fermion loop.
6.4 Gravitational corrections to Z3
The gravitational corrections to Z3 at O(t
2
r) are given by two diagrams, (a) and (b) in Fig.








Fig. 8. O(t2r) corrections to Z3
At a higher order, there is a contribution to Z3 by gravity. Here, we calculate diagrams
including an internal conformal mode. Such contributions appear at O(e4r). The diagrams are
depicted in Fig. 9. They all yield simple poles. Here, diagrams including the ordinary two-loop
photon self-energy and the four-photon interaction as a subdiagram are not depicted in Fig.
9, because each sum of such diagrams becomes nite, as discussed in Subsection 6.2. From a
simple counting of the number of loops and ’s at the vertices, diagrams including 2−A−A
vertices and diagrams including two internal conformal-mode lines are trivially nite at O(e4r),














Fig. 9. O(e4r) diagrams yielding simple poles to Z3
We also calculate the residue of the double-pole term of Z3 at O(e
6
r). It produces a simple
pole counterterm of the type −A−A, as discussed in Section 4, which is used to show the
niteness of the vertex corrections later. The diagrams contributing to double poles are only













Fig. 10. O(e6r) diagrams yielding double poles to Z3
In summary, we obtain






































Here, the simple-pole and the double-pole terms proportional to 1=bc are the contributions
from diagrams in Fig. 9 and Fig. 10, respectively. The other terms are well-known QED
corrections [39].





The renormalization group equation (RGE) is dened by an equation in which the bare quan-
tities are independent of an arbitrary mass sacale,  d
dµ
(bare actions) = 0. Thus, we obtain the
equation  d
dµ
e = 0, so that the beta function can be expressed as







On the other hand, the bare constant, b, is treated in a slightly dierent way. Since  d
dµ
b = 0,
the dimensionless ~b satises  d
dµ
~b = 2~b. We can re-expand ~b using the dimensionless bare












. The RGE implies that




~b (r,s)c,n = 2(1 + r + s)
~b (r,s)c,n : (6.18)
Thus, if we wish to derive the beta function from information concerning the poles of the
renormalization factor, we must consider ~b (r,s)c,n as an unknown constant and use equation (6.18).
After deriving nite expressions, we must substitute the value of ~b (r,s)c,n into them.
We can now calculate the beta function for the QED coupling constant. Here, the related
coecient is only ~bc, which satises 
d
dµ
~bc = 2~bc. For a moment, consider a general expression
of Z3 expanded by ~er and the inverse of ~bc as
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Upon solving the simultaneous equations (6.15) and (6.16) order by order of , we obtain the
following relations between the residues of double poles and simple poles:
A2,3 = −1
3
A1,1A1,2; B2,3 = −1
4
A1,1B1,2; (6.21)
and a nite expression of the beta function at ! 0,











+    : (6.22)
The residues summarized in (6.14) do satisfy relation (6.21). Note that the coecient, 3, in
front of the B1,2 term implies that the diagrams in Fig. 9 are essentially of the three-loop kind.
This is reasonable because the vertex of the type −A−A with e2r essentially corresponds to a
one-loop diagram. Thus, the treatment for ~b mentioned above may be considered as a trick to





















Substituting the value of bc (6.7), we can see that the sign of the O(e
5
r) term turns to negative
for nF  24. This result as well as the result of t (6.5) suggest that all gravitational corrections
give negative contributions to the beta functions. Hence, provided that the residues of simple






r) are positive, which give negative contributions to e, we can
consider a scenario that the UV xed point of the QED coupling constant turns to zero, or
close to zero, asymptotically over the Planck mass scale.
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6.5 O(e6r) renormalization of −A−A vertex I
The renormalization factor, Z3, has double poles at O(e
6
r). This means that the new coun-
terterm for the vertex of the type −A−A appears at O(e6r). In the following two subsections,
we directly check whether the vertex is really renormalizable only using the data of Z3 and
Zφ = 1.
In this subsection, we rst consider the case that there are no internal gravitational elds.
The diagrams which potentially have UV divergences at O(e6r) are divided into four groups in









Fig. 11. O(e6r) −A−A vertex diagrams without internal gravitational elds
Diagram (a) in Fig. 11 represents the sum of diagrams given by attaching a line with e2r
at the end to internal photons in the ordinary two-loop photon self-energy (2LPSE) diagrams
(Fig. 11-(a)). Since the sum of the diagrams for 2LPSE gives only a simple pole, diagram








Fig. 11-(a). −A−A vertex diagrams (a)
Diagram (b) in Fig. 11 represents the sum of diagrams given by attaching a line with 
at the end to internal photons in the ordinary three-loop photon self-energy (3LPSE) with a
single fermion loop (Fig. 11-(b)). It is known that the sum of the diagrams for 3LPSE with a
single fermion loop yields only a simple pole, and thus diagram Fig. 11-(b) becomes nite due
to  at the vertex.
3
(S)
=  +  +   
Fig. 11-(b). −A−A vertex diagrams (b)
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Diagram (c) in Fig. 11 represents the sum of diagrams given by attaching a line with  at
the end to internal photons in 3LPSE with two fermion loops (Fig. 11-(c)). Since the sum
of the diagrams for 3LPSE with two fermion loops gives a double pole, but not a triple pole,





Fig. 11-(c). −A−A vertex diagrams (c)
Diagram (d) in Fig. 11 is the O(e6r) direct counterterm mentioned above. The sum of all
UV divegences evaluated at zero momentum for the external conformal mode vanishes exactly,

















2 − kµkν) = 0: (6.24)







µν (p; k; l), where [dp] =
dDp
(2pi)D
. The rst and second terms in the braces
stem from diagrams Fig. 11-(a) and Fig. 11-(c), respectively. The third term in (6.24) comes
from the direct counterterm diagram (d) in Fig. 11 related to the double pole term in Z3.
6.6 O(e6r) renormalization of −A−A vertex II
Next, we consider the vertex diagrams of the type −A−A, including internal conformal-
mode lines which yield divergences proportional to e6r=bc. The diagrams are depicted in Fig.
12, where, for diagrams (e) to (h), the other assignments of  and e2r on the vertices should be
taken into account. As often mentioned before, the sum of diagrams at O(e6r) including 2LPSE
as a subdiagram becomes nite. The same is concluded for diagrams including 3LPSE, four-
and six-photon interactions as a subdiagram. Thus, they all are not depicted in Fig. 12. The
new features dierent from the previous one are that there are contributions from the vertices











































































Fig. 12. O(e6r) −A−A vertex diagrams with internal conformal modes
From a direct calculation, we can see that the sum of the UV divergences from diagrams (d)
to (i) in Fig. 12 exactly vanishes when evaluated at zero momentum for the external conformal
mode. The sum of the UV divergences from all other diagrams also vanishes,

















2 − kµkν) = 0: (6.25)
The rst value in the braces stems from the sum of (a) to (c). The second is from the sum of
(j) to (m). The third is from the direct counterterm diagram (n), whose value is derived from
the residue of the double pole of Z3.
7 Physical States in 4D Quantum Gravity
Quantum dieomorphism invariance means that the theory is independent of how to choose
the background metric. Thus, in the quantum-gravity phase, the physical distance measured by
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the metric eld would become meaningless. This implies that IR eects as well as UV eects
are suciently strong. Therefore, the usual Fock states based on the vanishing correlation
among them in the IR limit are no longer physical states in quantum gravity.
The physical state conditions reflecting the background-metric independence are represented
by the equation δZ
δgˆµν
= hT^µνi = 0. These are usually called the Hamiltonian-momentum
constraints. In 4D quantum gravity, we use perturbation theory for the traceless mode so
that the background-metric independence is not exact, which would be, in principle, realized
in all orders of the perturbation. However, as doing in 2D quantum gravity [22, 24], we can
exactly prove the background-metric independence for the conformal mode at the free eld
limit, tr = er = 0 [14, 16], which may be realized at a very high-energy region. This is an
advantage of our formalism. We can study this free eld model as a core which gives a part of
the full space of the physical states.
Physical state conditions are exactly solved in 2D quantum gravity using conformal eld
theory [21, 22]. Remember that although 2D quantum gravity is a free theory, it has rich struc-
tures: an innite number of physical states [25], a non-linear property of factorization [23],
and so on. For instance, the physical states of 2D quantum gravity coupled to a scalar
eld, X, with central charge cX = 1 are given by
∫
d2x : e2φ :,
∫
d2x : @X @X :,
∫
d2x :
(@2X  2i(@X)2)(@2X  2i(@X)2)e−φiX :, and so on, where :: denotes the normal order and
the conformal mode is properly normalized. These innite number of states are called discrete
states. Here, note that there is an analogy between this two-dimensional eld, X, and the
traceless mode, hµν , in 4D quantum gravity, because 2n-th order elds in 2n dimensions have
the same IR as well as UV behavior for every n. As for the conformal mode, the relation to
2D quantum gravity is more apparent: the top term of the action, S1(; g), in each dimension
satises the Wess-Zumino consistency condition which is used to prove the background-metric
independence for the conformal mode [24, 14, 16]. Thus, although 4D quantum gravity is
asymptotically free, the physical states are non-trivial even at a very high-energy region, which
may be described by dieomorphism invariant composite elds.
One of the simplest physical state is the cosmological constant. We here discuss it at










n in the flat background,2 which is renormalized by replacing the
bare constant, , with ZΛr. Since there is no coupling constant for the conformal mode, we
for the present evaluate the renormalization factor, ZΛ, for a large nF .
The diagrams yielding simple poles at O(1=bc) and O(1=b
2
c) are given by (a) and (b) in Fig.
13, respectively. On the other hand, diagrams with separated two ovals, for example diagrams
(a) and (b) in Fig. 14 at O(1=b2c), do not produce a simple pole. Namely, the sum of the
UV divergences from diagram (a), itself, in Fig. 14 and from the associated subdivergence
counterterm diagram not depicted here, yields only a double pole, while diagram (b) in Fig.
14 gives no contribution to ZΛ because the UV divergence from diagram (b), itself, cancels
that from its associated subdivergence counterterm diagram. In general, because a diagram
with over two separated ovals does not produce a simple pole, it does not contribute to the
2In previous papers [13, 17], in analogy with operator formalism by DDK, the anomalous dimension was
computed by the procedure which is that, considering the deformed cosmological constant field, eαφ, and
solving the equation,  = 4+γΛ, for , where γΛ is given by a function of  computed by one-loop diagrams, we
determine it. However, this procedure is actually incorrect in dimensional regularization because diffeomorphism
invariance is obviously violated, though the derived anomalous dimension for the cosmological constant seems
correct. Here, we revise the procedure in the manifestly invariant way.
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anomalous dimension. Thus, we obtain












+    ; (7.1)


















Fig. 13. O(1=bc) and O(1=b
2






Fig. 14. O(1=b2c) corrections to the cosmological constant which do not yield simple poles.
Let us see what is obtained when summing up all orders. Using the analogy to 2D quantum
gravity, the anomalous dimension dened by subtracting the canonical dimension from the


















+    : (7.3)
The rst two terms in the expansion exactly agree with the computed ones. The corresponding
diagrams at O(1=bmc ) may be given by diagrams with a single oval in Fig. 15. Here, the rst
diagram has m−1 3-vertices with b1, and the second one has m−3 3 vertices with b1 and a
4-vertex with 2b1, and so on. The last one is constructed by using a 
m+1-vertex with m−1b1.
Each diagram has m loops multiplied by m−1 so that it yields a simple pole. Since the other
potentially divergent diagrams with multi-ovals do not produce simple poles, only the diagrams
in Fig. 15 may contribute to the anomalous dimension at O(1=bmc ).
3In two dimensions, the anomalous dimensions is exactly calculated using conformal field theory as γΛ = −2,
where  = bc(1 −
√
1− 4=bc) is the Liouville charge of the cosmological constant operator, :eαφ : [21, 22]. For
2D quantum gravity couple to N scalar fields, bc = (25 − N)=6. In dimensional regularization, the first two
terms of γΛ in the expansion w.r.t. 1=bc is also obtained by evaluated the same diagrams in Fig. 13 when used




gR and series (3.8), where b1 = bc4pi














     
m−1b1
  
Fig. 15. O(1=bmc ) corrections to the cosmological constant.
Here, there is an important observation concerning the ambiguity of the action, GD. This
action is dened by the series (3.10). All vertices used in Fig. 15 stem from the top term,
n 4, in S
(4)
n . From a simple counting of the number of loops and ’s at the vertices, we
can easily see that, if we use the vertices coming from the O(n) term in S(4)n , diagrams with
a single oval become nite. Also, if we use vertices obtained when provided b0 6= 0 in (4.8),
the same conclusion is derived. Furthermore, although there is a potentially divergent diagram
with the O(n) vertices in the case that it has over two separated ovals, it does not yield a
simple pole, as mentioned above. Thus, the anomalous dimensions of the cosmological constant
can be determined only from the top term in S(4)n .
In this paper, although we only discuss the case of the cosmological constant, the general-
ization may be straightforward. It seems natural to consider that the physical state is given
by a combination of dieomorphism invariant composite elds. Thus, we conjecture that the
physical state may be classied by the condition of renormalizability, and then all physical
quantities such as anomalous dimensions would be independent of how to choose the O(n)
term in S(4)n , as in the case of the cosmological constant. In this sense, GD is almost unique.
8 Discussion
In this paper, we studied the problems of higher order renormalization and physical states
in 4D quantum gravity. Using dimensional regularization with great care concerning the
conformal-mode dependence, we carried out renormalization of a model of 4D quantum gravity
coupled to QED up to O(e6r) and O(t
2
r). The procedure is manifestly dieomorphism invari-
ant and resummation was done without making any assumption, like the DDK method. As a
by-product, we found that higher-order gravitational corrections to the beta functions of er as
well as tr are negative.
The physical state in our model was discussed in analogy with that in 2D quantum gravity.
Especially, the cosmological constant term was studied in detail. In general, even though the
theory is asymptotically free, the physical states may be given by dieomorphism-invariant
composite elds, such as glueball states in 4D Yang-Mills theory, because of the strong IR
eects. Hence, to distinguish from an ordinary graviton, we here call them graviball states. A
photon may also be conned as a photonball state in quantum gravity. On the other hand, usual
graviton and photon states are low-energy states, which would appear when the background-
metric independence, namely Hjphysi = 0 condition, violates. It is not, at present, understood
how to connect quantum gravity phase with our present Einstein’s phase. It seems that there
is a discontinuity between them.
Finally, we comment on recent interesting numerical results concerning the dynamical tri-
angulation (DT) approach [40, 41, 42] to four dimensions [43]{[47]. It is believed that the DT
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method realizes the quantum gravity phase at the very high-energy region. The entropy factor
in the DT approach corresponds to the four-derivative gravitational actions, because they are
exactly dimensionless in four dimensions so that they represent essentially quantum eects.
The annomalous dimension of the cosmological constant at this region is almost given by a
function of bc, as discussed in Section 7 and corrections that depend on the coupling constant,
tr, may be small [17]. If we consider a gravity system coupled to nX conformal scalar elds and
nA gauge elds, bc is given by a function of nX +62nA, and hence γΛ is a function of nX +62nA.
This number dependence should be numerically checked using the DT approach [46].
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Appendix
A Conformal-mode Dependence of Curvatures
The conformal mode dependence of curvatures in D dimensions is given by using the ex-









µσ − gλσ µν + gµσ λν − gµν λσ
+(gλνgµσ − gλσgµν) rδ rδ; (A.1)
Rµν = Rµν − (D − 2) µν − gµνf−2+ (D − 2) rλ rλg; (A.2)
R = e−2φf R− 2(D − 1) −2− (D − 1)(D − 2) rλ rλg; (A.3)
where µν = rµ rν − rµ rν. Our curvature conventions are Rµν = Rλµλν and Rλµσν =
@σΓ
λ
µν −   .
The variation formulae with respect to a conformal change, ωgµν = 2!gµν , are given by
ω
p




gRµνλσRµνλσ = (D − 4)!pgRµνλσRµνλσ − 8pgRµνrµrν!; (A.5)
ω
p
gRµνRµν = (D − 4)!pgRµνRµν − 2pgR2!
−2(D − 2)pgRµνrµrν!; (A.6)
ω
p
gR2 = (D − 4)!pgR2 − 4(D − 1)pgR2!; (A.7)
ω
p
g2R = (D − 4)!pg2R + (D − 6)pgrλRrλ!




µν = (D − 4)!pgFµνF µν : (A.9)
Applying these variation formulae to equation (3.14), we obtain





gR(!12!2 − !22!1): (A.10)
Thus, the integrability condition is given by equation (3.15).
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B Expansions of Curvatures
From expression (A.3), we can see that the spacetime integral of the scalar curvature is














−(D − 1)n −2+ Rn
}
: (B.1)
This is the action of 2D quantum gravity near two dimensions.
Next, we discuss the expansion of four-derivative actions near four dimensions. The space-





















(D − 4)n R2 − 2(D − 1)(D − 6)n R −2
+2(D − 1)(D − 2)n rλ R rλ+ 4(D − 1)2n −2
2

+8(D − 1)2(D − 4)n −2 rλ rλ
+(D − 1)2(D − 2)2(D − 4)n( rλ rλ)2
}
(B.2)














n G4 + 4(D − 3)n Rµν rµ rν
−2(D − 3)n R −2− 2(D − 2)(D − 3)(D − 4)n −2 rλ rλ
−(D − 2)(D − 3)2(D − 4)n( rλ rλ)2
}
: (B.3)
The last two terms in each of series (B.2) and (B.3) give contributions of O(n+2) and
O(n+3) at order (D− 4)n, while series (3.11) we seek for has at most O(n+1). Thus, in order





and choose the constant, , properly to remove the last two terms. Although we cannot remove
exactly these terms suimultaneously, the prefered series can be obtained merely by removing
the last term, such that  = − 4(D−3)2
















D − 2 
n −2
2
+ 4(D − 3)n Rµν rµ rν
−4(D − 3)(D
2 − 6D + 10)
(D − 1)(D − 2) 
n R
−
2− 2(D − 3)
2(D − 6)
(D − 1)(D − 2) 
n rλ R rλ
−2(D − 3)(D − 4)
3
D − 2 






















































3 − 6 −2 rλ rλ+ 92 −2
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The general coordinate transformations, ξgµν = gµλrνλ + gνλrµλ, can be completely
decomposed into the transformations of the conformal mode and the traceless mode as








where rλλ = r^λλ is used. The traceless-mode part can be expanded by the coupling constant,
t. The general coordinate transformation for Aµ is given by
ξAµ = 
νrνAµ + Aνrµν = ν@νAµ + Aν@µν (C.2)
and the U(1) gauge transformation is λAµ = @µ.
Let us x the coordinate transformation invariance for the traceless mode and the gauge
invariance of the photon eld according to the procedure of the BRST quantization. The
BRST transformations can be obtained by replacing µ=t in the equation for general coordinate
transformations, (C.1) and (C.2), and  in the U(1) gauge transformation with corresponding






































µ = Bµ; BB
µ = 0;
B~c = B; BB = 0;
where cµ = g^µνc
ν . We can easily see that this BRST transformation is nilpotent. Using this




































where ν = r^λhνλ and N^µν is a symmetric second-order operator dened on g^µν . This action
has a covariant form with respect to g^µν , but not for the dynamical gravitational modes,  and
hµν . Note that the conformal mode does not couple with all ghost elds and the ghosts for the
U(1) gauge invariance are not coupled to the traceless mode, too. If Bµ and B are integrated

















In the following, we take the flat background, g^µν = µν . The bilinear term of the traceless














where µ = @λhµλ and @
2 = @λ@λ. From this expression, we should choose the following form









From expression (C.5),  = 1 corresponds to the Feynman-type gauge, in which the gauge-

















which satises I2H = IH .
D Vertices in b1S
(4)
1 (; g¯)
From expansion (B.4), we can read
S
(4)












The bare action b1S
(4)






























where L2S1 is derived from the term −23b1(
−
2 R) + 1
8
b1 R
2. The vertices L3S1 and L4S1 are from
2b1 4.
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